By means of algebraic, analytical and majorization theories, and under the proper hypotheses, we establish several Jensen type inequalities involving γth homogeneous polynomials as follows:
Introduction
The following notation and hypotheses in 1-4 will be used throughout the paper: here, the sum extends over all elements σ of the nth symmetric group S n . If f ∈ P γ x , then f is called γth homogeneous polynomial; if f ∈ P γ x , then f is called γth homogeneous symmetric polynomial see 3 .
The famous Jensen inequality can be stated as follows: if f : I → R is a convex function, then for any x ∈ I n we have
A large number of generalizations and applications of the inequality 1.6 had been obtained in 1 and 5-8 . An interesting generalization of 1.6 was given by Chen et al., in 8 : Let B γ ⊂ N n and f ∈ P γ x . If X k ∈ R n with 1 ≤ k ≤ m and 0 ≤ X 1 ≤ X 2 ≤ · · · ≤ X m , then we have the following Jensen type inequality:
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In this paper, by means of algebraic, analytical, and majorization theories, and under the proper hypotheses, we will establish several Jensen type inequalities involving γth homogeneous polynomials and display their applications.
Jensen Type Inequalities Involving Homogeneous Polynomials
In this section, we will use the following notation see 1, 4, 9 :
2.1
A Jensen Type Inequality Involving Homogeneous Polynomials
We begin a Jensen type inequality involving homogeneous polynomials as follows.
2.2
The equality holds in 2.2 if there exists t ∈ 0, ∞ , such that X 1 X 2 · · · X m tI n . [1, 10] 
Lemma 2.2. (Hölder's inequality, see
). Let a i,k ∈ 0, ∞ , q i ∈ 0, ∞ with 1 ≤ i ≤ n and 1 ≤ k ≤ m. If n i 1 q i ≤ 1, then 1 m m k 1 n i 1 a q i i,k ≤ n i 1 1 m m k 1 a i,k q i .
2.3
The equality in
Lemma 2.3. (Power mean inequality, see [1, [10] [11] ). Let x ∈ R n , μ ∈ R n and
2.4
The inequality is reversed for γ ∈ 0, 1 . The equality in 2.4 holds if and only if γ 1, or 
2.5
The equality in 2. 
2.6
From
we deduce to the inequality 2.5 . Lemma 2.4 is proved.
Proof of Theorem 2.1. First of all, we assume that w I m . According to γ ∈ 1, ∞ , f I n α,σ ∈B γ ×S n λ α, σ and Lemmas 2.3-2.4, we find that
2.8
That is, the inequality 2.2 holds.
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Secondly, for some of w k with 1 ≤ k ≤ m satisfing w k / 1, we have the following cases.
1 If w ∈ N m , then the inequality 2.2 holds from the above proof.
2 If w ∈ Q m , then there exists N ∈ N \ {0} that satisfies Nw ∈ N m . By the result in 1 , we obtain that
which implies that inequality 2.2 is also true.
3 If w ∈ R m , then there exist sequences {w
We get by the case in 2 that
and taking i → ∞ in 2.11 , we can get the inequality 2.2 . The proof of Theorem 2.1 is thus completed.
Jensen Type Inequalities Involving Difference Substitution
Exchange the ith row and jth row in nth unit matrix E, then this matrix, written E i, j , is called nth exchange matrix. If E 1 , E 2 , . . . , E p are nth exchange matrixes, then the n × n matrix
is called nth difference matrix, and the substitution x D n y is difference substitution, where p ∈ N, E 0 E, and
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Let f ∈ P γ x . If f D n y ∈ P γ y is true for any difference matrix D n , then f x ≥ 0 for any x ∈ R n see 11 , and the homogeneous polynomial f is called positive semidefinite with difference substitution.
If we let
then D n is a finite set and the count of elements of D n is |D n | n!, and γ ∈ N.
We have the following Jensen type inequality involving homogeneous polynomials and difference substitution.
2.14
The equality holds in 2.14 if there exists t ∈ 0, ∞ , such that X 1 X 2 · · · X m tI n , and f I n 0. [12] ). For any x ∈ R n and γ ∈ 1, ∞ , we have
Lemma 2.6. (Jensen's inequality, see
n k 1 x k γ ≥ n k 1 x γ k .
2.15
The equality in 2.33 holds if and only if γ 1, or at least n − 1 numbers equal zero among the set
Lemma 2.7. If γ ∈ 1, ∞ and x ∈ Ω n , then for the difference substitution x Δ n y, one has the following double inequality:
2.16
The equality y γ Δx γ holds if and only if γ 1, or
Proof. From x ∈ Ω n , it is easy to know that y Δ −1 n x Δx ∈ R n . By γ ∈ 1, ∞ and Lemma 2.6, we find that
2.17
This shows that the double inequality 2.16 holds.
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Proof of Theorem 2.5.
According to Theorem 2.1, we obtain that
2.19
In view of Y k ∈ R n and with Lemma 2.7, we have
2.20
By noting that f Δ n y ∈ P γ y , it implies that f
2.21
Therefore,
2.22
This evidently completes the proof of Theorem 2.5.
As an application of Theorem 2.5, we have the following.
the inequality 2.14 holds. The equality holds in 2.14 if there exists t ∈ 0, ∞ , such that X 1 X 2 · · · X m tI n .
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Proof. First of all, we prove that f ∈ P * γ x . If the function φ : I → R satisfies the condition that φ : I → R is continuous, then we have the following identity:
2.23
where
In fact,
2.26
That is, the identity 2.23 holds.
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Setting φ : 0, ∞ −→ R, φ t t γ 2.27 in 2.23 , we have that
Since f ∈ P γ x , f ∈ P * γ x if and only if f Δ n y ∈ P γ y . Consider the difference substitution x Δ n y. From
for arbitrary i, j : 1 ≤ i < j ≤ n, it is easy to see that f ∈ P * 2 x if γ 2. If γ ≥ 3, then
for arbitrary i, j : 1 ≤ i < j ≤ n. Therefore, we get that f ∈ P * γ x . It follows that the inequality 2.14 holds by using Theorem 2.5. Since f I n 0, the equality holds in 2.14 if there exists t ∈ 0, ∞ , such that X 1 X 2 · · · X m tI n .
The proof of Theorem 2.8 is thus completed.
Remark 2.9. Theorem 2.8 has significance in the theory of matrices. Let A a i,j n×n be an n × n positive definite Hermitian matrix and λ 1 , . . . , λ n its eigenvalues, let diag x be the diagonal matrix with the components of x x 1 , x 2 , . . . , x n † as its diagonal elements, and also let λ λ 1 , λ 2 , . . . , λ n † . Then A U diag λ U * for some unitary matrix U where U * is the conjugate transpose of U and U * U E, see 9, 13 . If γ ∈ R, then
2.31
11
Write
then Theorem 2.8 can be rewritten as follows, let w ∈ R m , γ ∈ N and γ ≥ 2. If A k are n × n positive definite Hermitian matrix,
2.33
In fact, if A, B are n × n positive definite Hermitian matrix and AB BA, there exists a unitary matrix U such that see 13
Thus,
2.35
2.36
According to Theorem 2.8, the inequality 2.33 holds.
Remark 2.10. Theorem 2.8 has also significance in statistics. By using the same proving method of Theorems 2.1-2.8, we can prove the following: under the hypotheses of the Theorem 2.8, if f x A x γ , p − A γ x, p , then f ∈ P * γ x and the inequality 2.14 also holds, where
Let ξ be a random variable, x ∈ Ω n , let P ξ x i p i be the probability of random events ξ x i with 1 ≤ i ≤ n. If γ 2, then
is the variance of random variable ξ. The D γ ξ is called γth variance of random variable ξ and D γ ξ ≥ 0 for arbitrary γ ∈ R, where
2.39
Let ξ 0 be also a random variable, P ξ 0 i p i with 1 ≤ i ≤ n, and let the function f k : 0, ∞ → 0, ∞ be increasing with 1 ≤ k ≤ m. Then the inequality 2.14 can be rewritten as follows:
where w ∈ R m , γ ∈ N, γ ≥ 2.
Applications of Jensen Type Inequalities
By 1.7 and the same proving method of Theorem 2.1, we can obtain the following result.
2.41
One gives several integral analogues of 2.2 and 2.41 as follows. 
Proof. We can suppose that p 1/n I n , γ ∈ 1, 2 , and
2.46
Since 0 < 2 − γ < 1, from Lemma 2.3, we get that
2.47
By using 2.28 , we find that 14
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D γ m k 1 w k X k , p 2 n 2 1≤i<j≤n ⎧ ⎨ ⎩ ∇ ω i,j m k 1 w k X k , t 1 , t 2 γ−2 dt 1 dt 2 ⎫ ⎬ ⎭ m k 1 w k x k,i − x k,j 2 ≤ 2 n 2 1≤i<j≤n ⎧ ⎨ ⎩ ∇ ω i,j m k 1 w k X k , t 1 , t 2 γ−2 dt 1 dt 2 ⎫ ⎬ ⎭ m k 1 w k |x k,i − x k,j | 2 2 n 2 1≤i<j≤n ⎧ ⎨ ⎩ ∇ ω i,j m k 1 w k X k , t 1 , t 2 γ−2 m k w k |x k,i − x k,j | 2 dt 1 dt 2 ⎫ ⎬ ⎭ 2 n 2 1≤i<j≤n ⎧ ⎨ ⎩ ∇ m k 1 w k ω i,j X k , t 1 , t 2 γ−2 m k 1 w k |x k,i − x k,j | 2 dt 1 dt 2 ⎫ ⎬ ⎭ ≤ 2 n 2 1≤i<j≤n ∇ m k 1 w k ω γ−2 i,j X k , t 1 , t 2 |x k,i − x k,j | 2 dt 1 dt 2 m k 1 w k ⎧ ⎨ ⎩ 2 n 2 1≤i<j≤n ∇ ω γ−2 i,j X k , t 1 , t 2 dt 1 dt 2 x k,i − x k,j 2 ⎫ ⎬ ⎭ m k 1 w k D γ X k , p .
2.48
The proof of Corollary 2.13 is thus completed.
2.49
Proof. The nth Vandermonde determinant is wellknown see 14 :
By Theorem 2.1, for arbitrary x k,i,j ∈ 0, ∞ with 1
2.51
Letting
in inequality 2.51 , it implies that the inequality 2.49 holds. The proof is completed. 
2.54
If N 3, we have that
2.55
Setting f ∈ P 4 x , f x 
